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1 Find the set of values of k for which the system of equations 
,
,
,

x y z
kx y z
x y z

5 6 1
2 2 2

3 4 8 3
+ + =
+ + =

- + + =
 has a unique solution and interpret this situation geometrically.  [4]
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2 It is given that 
x t1 1= +   and  cosy t1= -   for t0 11 1 .

 (a) Show that xy t
t1dd

2
2= - . [2]
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 (b) Show that x
y t t t1 2d

d a b
2

2 2 2= - - -` `j j, where a and b are constants to be determined. [4]
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3 A curve has equation ey x=  for ln lnx34 512G G . The area of the surface generated when the curve is rotated through 2r radians about the x-axis is denoted by A.
 (a) Use the substitution eu x=  to show that
 A u u2 1 d2

34
512

r= +y . [2]
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 (b) Use the substitution sinhu v=  to show that 
 r lnA 225904 35= +b l. [6]
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4 The matrix A is given by

A 11016
121

8013= -
- -f p.

 (a) Show that 111f p is an eigenvector of A and state the corresponding eigenvalue. [2]
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 (b) Show that the characteristic equation of A is 19 30 03m m- - =  and hence find the other eigenvalues of A. [3]
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 (c) Use the characteristic equation of A to find A 1- . [4]
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5 Find the particular solution of the differential equation

tx tx x t t6 5 1dd dd2
2 2- + = + + ,

 given that, when  t 0= , x 12=   and tx 6dd = - . [10]
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6 
1
y

x1N1 N2 NN 1-0

 The diagram shows the curve with equation y x
21= b l  for x0 1G G , together with a set of N rectangles 

each of width N1 .
 (a) By considering the sum of the areas of these rectangles, show that x Ldx

N210
1 2b ly , where

    L N2
1

2 1N N1
= -` j . [4]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000012 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

PMT



13

9231/21/O/N/24© UCLES 2024 [Turn over

 (b) Use a similar method to find, in terms of N, an upper bound UN  for xdx
210

1b ly . [4]
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 (c) Find the least value of N such that U L 10N N 3G- - . [2]
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 (d) Given that lnx21 2 21dx
0
1 =b ly , use the value of N found in part (c) to find upper and lower bounds for ln 2. [4]
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7 (a) Show that an appropriate integrating factor for
x xy y x x16 16dd2 2+ + = +

  is x x 1641 14 2+ + . [4]
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 (b) Hence find the solution of the differential equation 
x xy y x x16 16dd2 2+ + = +

  for which y 6=  when x 3= . [6]
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8 (a) By considering the binomial expansion of z z1
7+b l , where cos isinz i i= + , use de Moivre’s theorem to show that

cos cos cos cos cosa b c d7 5 37 i i i i i= + + + ,
  where a, b, c and d are constants to be determined. [5]
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 Let cosI dr
n n

0
41 i i= y .

 (b) Show that 
 ( )nI n I2 1n n n 221= + -- - . [4]
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 (c) Using the results given in parts (a) and (b), find the exact value of I9 . [5]
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